We propose D mesons as probes to investigate finite-volume effects for chiral symmetry breaking at zero and finite temperatures. By using the 2 + 1-flavor linear sigma model with constituent light quarks, we analyze the Casimir effects for the σ mean fields; the chiral symmetry is rapidly restored by the antiperiodic boundary for light quarks, and the chiral symmetry breaking is catalyzed by the periodic boundary. We also show the phase diagram of the σ mean fields on the volume and temperature plane. For D mesons, we employ an effective model based on the chiral-partner structure, in which the volume dependence of D mesons is induced by the σ mean fields. We find that Ds mesons are less sensitive to finite volume than D mesons, which is caused by the insensitivity of σs mean fields. An anomalous mass shift of D mesons at high temperature with the periodic boundary will be useful in examinations with lattice QCD simulations. The dependence on the number of compactified spatial dimensions is also studied.
I. INTRODUCTION
Chiral symmetry breaking induced by the chiral condensate is a unique property in the low-energy QCD. It is related to the properties of many hadrons, such as masses and decay constants. Under an extreme environment such as high temperature/density, the chiral symmetry is partially restored by the external effects, and hadron properties are simultaneously modified. An intuitive scenario connecting the chiral symmetry to hadron properties is the chiral-partner structure, which means that the masses of partners become degenerate in the chiral-restored phase.
The chiral-partner structure for D mesons was first suggested in Refs. [1, 2] , and it was later extended to strange sectors such as D s mesons [3] [4] [5] .
1 Since a heavylight meson consists of one light (u, d, or s) quark and one heavy (c or b) quark, the light quark can be a probe of the chiral symmetry breaking/restoration. In particular, heavy-light mesons are slightly different from hadrons including only light quarks in the sense that the heavy quark cannot be a probe of the chiral condensate. Thanks * tsuto@post.kek.jp † katumasa@post.kek.jp ‡ suenaga@mail.ccnu.edu.cn § k.suzuki.2010@th.phys.titech.ac.jp 1 Note that this model is similar to the heavy-meson chiral perturbation theory (HMχPT) [6] [7] [8] in the sense that both the models are motivated by the heavy-quark effective theory [9, 10] based on the heavy-quark spin symmetry [11, 12] , but they differ in that the chiral-partner structure for heavy-light mesons is absent in the HMχPT.
to this point, heavy-light meson chiral partners at chiralrestored environments could be a more visible probe than light-hadron partners.
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Recent lattice QCD simulations at finite temperature showed the thermal behaviors of D and D s meson masses through the screening masses [14, 15] and the peak positions on the spectral functions [16] . One of the open questions is whether the pseudoscalar D meson mass increases or decreases as the chiral symmetry is partially restored. This is because the "sign" of the mass shift is nontrivial even if the pseudoscalar D and scalar D * 0 are the chiral partners, and their masses become degenerate at the chiral-restored phase. The results in Refs. [14] [15] [16] imply an increase of the pseudoscalar D meson mass.
Furthermore, the relation between D meson masses and the chiral condensate (or σ-mean field) at finite temperature/density has been discussed by using phenomenological approaches such as QCD sum rules [13, [17] [18] [19] [20] [21] [22] [23] [24] [25] and effective models [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] (see Refs. [43] for a recent review). 3 Some of these theoretical studies are also motivated by future experiments of low-energy heavy-ion 2 In the language of QCD sum rules, the chiral partners of light hadrons such as ρ-a 1 mesons are significantly affected by the four-quark condensates, while the contribution from the twoquark chiral condensate is suppressed. On the other hand, the contributions from four-quark condensates to heavy-light mesons are highly suppressed [13] , which is useful for studying pure effects of the two-quark chiral condensate without suffering from contamination by little-known four-quark condensates. 3 For D meson mass shifts from phenomenological approaches without the modification of the chiral condensate (or σ-mean field), see also Refs. [44] [45] [46] [47] [48] [49] [50] [51] at finite baryon density and Refs. [52] [53] [54] [55] collisions which can create both the high-density baryonic matter and charmed hadrons, such as FAIR, NICA, and J-PARC. In addition, D mesons in a magnetic field can also be useful probes of chiral symmetry breaking in magnetic fields [56] [57] [58] [59] [60] .
In this paper, we focus on a novel situation to study the D meson chiral partners: finite-volume systems with a boundary condition (see Fig. 1 ). This is because chiral symmetry breaking is sensitive to the volume of the system. Finite-volume systems with a "box" geometry, in which all the spatial dimensions are compactified, are automatically realized in lattice simulations. For advantages of lattice simulations, we can tune artificial parameters on the lattice, such as boundary conditions for quarks and the number of compactified dimensions (denoted as δ in this paper). Examining responses of D mesons to such tunable parameters will provide us with a deeper understanding of D meson chiral partners. In particular, the compactification of one spatial dimension is related to an energy shift of the nonperturbative QCD vacuum with two parallel plates, which is the so-called Casimir effect [61] . Such a situation will also be approximately realized in lattice QCD simulations (e.g., see Refs. [62] [63] [64] [65] [66] [67] as simulations for nonperturbative vacua such as Yang-Mills vacua). Thus, finite-volume effects for D mesons will be also useful as a hadronic observable of the Casimir effect for the chiral condensate.
In most of the previous works, the finite-volume effects for heavy-light mesons have been described by finitevolume corrections for dynamical pions coupled with the heavy-light mesons [68] [69] [70] [71] [72] , using theoretical approaches such as the heavy-meson chiral perturbation theory (HMχPT) [69, 70, 72] and the resummed Lüscher formula [71] . Here, we emphasize that in our model finitevolume effects are induced by that for a meson mean an additional contribution different from the chiral symmetry restoration.
field (or chiral condensate), and it is essentially different from the understanding based on pion degrees of freedom. Thus, our study will provide an alternative interpretation of finite-volume effects for D mesons measured from lattice QCD simulations. This paper is organized as follows. In Sec. II, we introduce our model to describe D mesons in a finite volume, which is based on the chiral-partner structure. Numerical results are shown in Sec. III. Section IV is devoted to our conclusion and outlook.
II. MODEL A. Linear sigma model
To investigate finite-temperature and/or finite-volume effects to D mesons in the viewpoint of a chiral symmetry restoration, to begin with, we need to construct such environments. In the present work, the 2+1-flavor linear sigma model with quarks is employed for this purpose, which is given by
with L q and L m being
and
In Eqs. (2) and (3), q L(R) denotes a left-handed (righthanded) quark column vector
and Σ denotes a scalar and pseudoscalar meson nonet matrix
In Eq. 
Under
In Eqs. (11) and (12), β and ω l0 are the inverse of the temperature β = 1/T and the Matsubara mode defined by ω l0 = 2π
are the constituent quark mass of the light quark and strange quark, respectively. The factor 4N c and 2N c denote the degrees of freedom of the systems for the light quarks and strange quark.
For fixing the parameters in Eqs. (2) and (3), in this work, we use the same parameter set utilized in Ref [74] with m σ = 800 MeV, which is listed in Table. I. To get these values, the pion mass m π = 138 MeV, the kaon mass m K = 496 MeV, the averaged squared mass of η and η mesons m B. Finite-volume effect Ω q in Eq. (11) includes UV divergences, which must be eliminated by a certain analytic continuation or regularization technique. Here, we make use of the regularization scheme with the Epstein-Hurwitz inhomogeneous zeta function.
Here, we demonstrate the case at δ = 2; i.e., one spatial direction in addition to the temporal direction is compactified. Then, for light and strange quarks, we impose the antiperiodic boundary condition [ψ(τ, x, y; z = 0) = −ψ(τ, x, y; z = L)] or the periodic boundary condition [ψ(τ, x, y; z = 0) = ψ(τ, x, y; z = L)], where only the z component of the 3-momentum of quarks is discretized as
where l 1 = 0, ±1, · · · is the label of discretized levels. The discretized energy of the light (strange) quarks is given by
y . Then, the momentum integral with respect to k z in the thermodynamic potential (11) is replaced by the summation with respect to the discretized levels, and Eq. (11) is rewritten aŝ
whereΩ Cas,q(s) (L) is the Casimir energy for light (strange) quarks per V , which is finite because the UV divergence is already subtracted. Note thatΩ Cas,q(s) (L) is independent of temperature, and all the temperature effects are included only in the third and fourth terms of Eq. (15).
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For the antiperiodic boundary condition, the Casimir energy for massive quarks is given by
where K 2 is the modified Bessel function. For the periodic boundary condition,
For massive fermions with a mass M and a degeneracy factor γ, a more general form including δ = 1, 2, 3, 4 is given by (see Ref. [83] for a derivation)
whereΩ 0 is the UV divergence caused by the vacuum energy, which should be subtracted by hand. The label 5 In that sense, we can separate the Casimir effect at zero temperature from the combinatorial effect of finite temperature and volume. The combinatorial effect may be also understood as a kind of "thermal" Casimir effect. 6 The Casimir effect for massless fermions was first derived in the context of the MIT bag model by Johnson [79] . For a derivation for massive fermions, see Refs. [80] [81] [82] . i = 0, 1, 2, 3 denotes the direction of the compactified space-time. L 0 = β is the temporal length (equivalent to the inverse temperature), and L i with i = 1, 2, 3 is the spatial length for i th direction. The antiperiodic temporal boundary is α 0 = 1. For the antiperiodic (periodic) spatial boundary, we set α i = 1 (α i = 0). When we focus on δ = 2, γ = 4N c for light quarks, and γ = 2N c for strange quarks, this form is equivalent to Eq. (15) . As seen in Eq. (18), the thermal effect and the Casimir effect with the antiperiodic boundary are similar to each other while the effect with the periodic boundary differs in a factor of (−1)
niαi . The purpose of this paper is not only to investigate either the thermal or Casimir effect but also to examine the competition between the two effects. Such a setup will be studied in future lattice simulations by using approaches similar to Refs. [66, 67] .
Practically, in our numerical calculation, we have to truncate the infinite series in Eq. (18) by introducing a cutoff for n i . The error caused by this truncation is discussed in Appendix A.
C. D meson Lagrangian
Here, we introduce a Lagrangian for D mesons based on the chiral-partner structure [1, 2] . We derive the Lagrangian assuming an exact heavy-quark spin symmetry (HQSS) to give a transparent argument in terms of masses of D mesons although the HQSS is violated for the observed D. Such violations to the D meson masses will be included in Sec. II D in deriving mass formulas for D mesons.
The fundamental fields in constructing the Lagrangian within the chiral-partner structure are heavy-light fields
and the SU (2) S heavy-quark spin transformation as
[S is an element of the SU (2) S heavy-quark spin group], respectively. Then, a Lagrangian invariant under the chiral transformation, heavy-quark spin transformation, and parity is given by [3] [4] [5] 
up to one derivative with respect to Σ. In Eq. (21), term will be neglected in evaluating D meson masses at finite-temperature and/or volume system within a mean field level. The Lagrangian (21) is convenient to get the chiral transformation laws since the heavy-light meson fields H L and H R are belonging to the fundamental representation of the U (3) L × U (3) R chiral group. However, H L and H R do not correspond to the physical D meson states since these fields are not parity eigenstates. The parityeven state G and the parity-odd state H can be provided via
and G and H are related to the observed D meson fields as
Due to the HQSS, H-doublet includes the pseudoscalar and vector D mesons, while G includes the scalar and axial-vector D mesons: H = (0 − , 1 − ) and G = (0 + , 1 + ). In Sec. II D, mass formulas for D mesons will be derived by the Lagrangian (21) incorporating the spontaneous breaking of the chiral symmetry.
D. D meson mass formula
According to the heavy-light meson Lagrangian in Eq. (21), under the spontaneous breakdown of the chiral symmetry, i.e., by replacing Σ into its mean field as in Eq. (9), mass formulas for D mesons are provided by [3, 4] 
7 Throughout this paper, we use P = (Pq, Ps)
T for referring to the pseudoscalar, vector, scalar, and axial vector D mesons. 
As one can see in Eq. (24), when the chiral symmetry is restored, σ q = σ s = 0, the masses of all D mesons coincide, which clearly shows a peculiarity of the chiral partner-structure together with the HQSS.
The parameter m can be determined by
in whichm i is a spin-averaged mass of the doublet i with
To fixm i , we put the physical values of D meson masses summarized in Table. II. On the other hand, g π can be determined by
with l = q, s, where g 
with respect to the chiral-partner structure for each light flavor. The mass formulas in Eq. (24) determine the D meson masses with the HQSS, while this symmetry is violated by a small mass difference between the doublets as indicated in the observed D meson masses in Table. II. Such effects are included by adding small contributions to the mass formulas in Eq. (24) , which leads to
The values of m, g π , and ∆ D are summarized in Table. III. In Sec III, numerical computations of D mesons mass shifts in finite temperature and/or volume will be performed with the mass formulas in Eq. (29) . 
Volume dependence of σ mean fields in a finite box at δ = 2. Upper: antiperiodic boundary. Lower: periodic boundary.
III. NUMERICAL RESULTS
In this section, we show the numerical results of D meson masses after discussing the volume dependence of σ mean fields.
A. Dependence of σ mean fields
In Fig. 2 , we show the L dependences of the σ mean fields at δ = 2. From these figures, our findings are as follows:
(1) Chiral symmetry restoration with antiperiodic boundary.-For the antiperiodic boundary, a smaller length leads to the chiral symmetry restoration, and the values of the σ mean fields decrease. At the small volume limit, the mean fields go to zero, and the chiral symmetry is completely restored. The transition length of σ q at T = 0 is about L ∼ 1fm.
(2) Chiral symmetry breaking enhancement with periodic boundary.-For the periodic boundary, a small length catalyzes the chiral symmetry breaking, and the values of the σ mean fields increase. This effect is caused by the appearance of the "zero mode" in discretized momenta [see
, which is a different situation from the antiperiodic boundary without momentum zero modes. The enhancement of chiral symmetry breaking with the periodic boundary condition for fermions is suggested also by other effective models such as four-Fermi models [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] [94] [95] , the linear sigma (or quark-meson) model [96] [97] [98] [99] [100] [101] [102] , the Walecka model [83] , and the parity-doublet model for nucleons [83] .
(3) Comparison between σ q and σ s .-The σ s mean field is less sensitive to the length L than σ q . This is a situation similar to finite temperature. For the antiperiodic boundary, the transition length of σ s is lower than that of σ q . At a small volume with the periodic boundary, σ q is enhanced by the chiral symmetry breaking more rapidly than σ s , which leads to σ q > σ s . Thus the reverse of the magnitudes of σ q and σ s would be a useful signal for examining the boundary dependence of chiral condensates from lattice simulations. For instance, at zero temperature, we find σ q > σ s even at L < 1.9 fm, while in a large volume we observe σ q < σ s since σ q = 92.4 MeV and σ s = 94.5 MeV at T = 0 and L → ∞. Fig. 3 . Then, the σ q mean field is sensitive to T but insensitive to L. Next, in the intermediate-volume region (0.6 < L < 1.2 fm), the quark dynamics is determined by not only the lowest Matsubara mode but also discretized modes of spatial momentum Fig. 3(c) ]. In the small-volume region (L < 0.6 fm), the dynamics is dominated by the (gapless) zero mode induced by the periodic boundary [see Fig. 3(d) ]. As a result, T dependence from the lowest Matubara mode becomes invisible. In other words, the enhancement of chiral symmetry breaking by the spatial zero mode overcomes the suppression of the chiral condensate by the lowest Matsubara mode. Thus, the L dependence of the mean field shows an anomalous shift at a "boundary" region in which dominated modes interchange. We will discuss that such behavior of mean fields can be observed even in D meson masses as an anomalous mass shift. Note that this behavior was also observed from other models with σ mean field [83] .
Next, we examine the dependence on the number of the compactified spatial dimensions; we compare δ = 2, 3, 4. In Fig. 4 , we focus on the results at T = 0. For the antiperiodic boundary, larger δ leads to stronger restoration of the chiral symmetry. As a result, the chiral transition length for σ mean fields gets larger as δ increases. For the periodic boundary, larger δ enhances the chiral symmetry breaking, and it leads to larger σ mean fields.
In Fig. 5 , we focus on the results at T = 200 MeV. We find that the anomalous shift of σ q appears at δ = 3, 4 as well as δ = 2, which means that even the usual cubic geometry (δ = 4) in lattice QCD simulations can lead to the anomalous shift of σ q by carefully examining the region around L ∼ 1.5 fm.
In Fig. 6 , we show the T dependence (or thermal phase transition) of the σ mean fields at some fixed L and δ = 2. In infinite volume (L → ∞), the σ q mean field is suddenly suppressed around T = 200 MeV that is the chiral phase transition at finite temperature. The transition temperature for σ s is higher than that for σ q . In a finite volume with the antiperiodic boundary, since the chiral conden- temperature becomes lower as L decreases. For the periodic boundary, since the chiral condensates increase, the transition temperatures also increase.
We note that, for the antiperiodic boundary, the finitevolume effect for the T dependence of σ and its transition temperature is similar to the thermal effect for the L dependence of σ and its transition length. In this sense, the upper panel of Fig. 6 is similar to the upper panel of Fig. 2 . Such a similarity between L and β = 1/T can be also understood in the form of Eq. (18).
In Fig. 7 , we focus on the δ dependence of the thermal phase transition at L = 1.0 fm. As with the finite-volume transitions, for the antiperiodic boundary, larger δ leads to the lower transition temperature. For the periodic boundary, larger δ enhances the chiral symmetry breaking, and the transition temperature becomes higher.
Finally, in Fig. 8 , we summarize σ q and σ s on the L-T plane at δ = 2. For the antiperiodic boundary, σ q < σ s is realized in any L and T . On the other hand, for the periodic boundary, we can observe the domain of σ q > σ s in smaller volumes. 
B. Finite-L transition with antiperiodic boundary
In Fig. 9 , we show the L dependence of the D mesons for the antiperiodic boundary. The antiperiodic boundary condition leads to the chiral symmetry restoration (or the reduction of the σ mean fields), so it affects D meson masses. The masses of D meson chiral partners (the scalar partners, 0 − and 0 + , and the vector partners 1 − and 1 + ) become degenerate as L decreases. Thus, the degeneracy of D meson masses induced by a smallvolume system will be a useful signal for elucidating the chiral-partner structures of D mesons from lattice QCD simulations.
In the small-L region, L < 0.5 fm, the D q meson mass converges to an L-independent constant, and the mass splitting between chiral partners survives. The D s meson mass also converges to constants after a level crossing between the chiral partners. Within our model, these masses in the small-L limit are determined by the averaged mass m and the violation parameter ∆ D of the HQSS [as defined in Eq. (29)]. However, these behaviors should be regarded as an artifact of our model because m and ∆ D are fixed to reproduce the experimental values of the D meson masses in infinite volume at zero temperature. Therefore, the splitting between the chiral partners in the small-L limit and the level crossing for D s mesons, shown in Fig. 9 , should be not physical but artificial. In principle, the L dependences of these parameters (particularly, ∆ D ) would be interesting, but they are beyond the scope of this paper.
C. Finite-L transition with periodic boundary
In Fig. 10 , we show the L dependence of the D mesons for the periodic boundary. Since the periodic boundary condition leads to the enhancement of chiral symmetry breaking, the masses of D meson chiral partners split with decreasing L. In the region of L < 0.5 fm, the temperature dependence is lost because the finite-volume effect overcomes the thermal effects.
For the periodic boundary, the L dependences of D q and D s mesons are qualitatively similar to each other at low temperature, but the D q mesons are more sensitive to the finite-volume effects than D s mesons. Therefore, D q mesons could be better as a probe of finite-volume effects for chiral partner structures.
We comment on "anomalous" mass shifts at high temperature. For all the D q mesons at T = 200 MeV, we find an anomalous mass shift, which is absent at lower temperature, T = 190 MeV. This mass shift is induced by the anomalous L dependence of σ q , as already mentioned in Figs. 2 and 5. Such anomalous behaviors would be a qualitative signal for studying the finite-volume effect for D mesons by using lattice QCD simulations. Note that T = 200 MeV is near the pseudocritical temperature of the chiral phase transition in our model, so the D mesons may be dissolved, and we cannot measure the pole masses from the temporal correlators. Even if that is the case, an anomalous mass shift could be observed in D meson screening masses from the spatial correlators.
D. Finite-T transition with antiperiodic boundary
In Fig. 11 , we show the T dependence of the D mesons for the antiperiodic boundary. Since the antiperiodic boundary condition reduces the chiral symmetry breaking, and the transition temperatures of σ mean fields decrease, the degeneracy temperature of D meson chiral partners becomes lower as L decreases.
In the high-temperature phase, the values of the σ mean fields are almost zero by the thermal effects. Here, the infrared dynamics of quarks is dominated only by the thermal effects, and the finite-volume effects are invisible. In this phase, D meson masses are determined only by the averaged mass m and the violation parameters ∆ D of the HQSS.
E. Finite-T transition with periodic boundary
In Fig. 12 , we show the T dependence of the D mesons for the periodic boundary. Since the periodic boundary condition catalyzes the chiral symmetry breaking, and the transition temperature of σ mean fields increases, the degeneracy temperature of D meson chiral partners gets higher as L decreases. Thus, the difference between the degeneracy temperatures with the periodic and an- 
FIG. 9. Volume dependences of Dq and Ds meson masses in a finite box at δ = 2 with antiperiodic boundary condition. tiperiodic boundaries will be useful in studies with lattice simulations.
D meson masses in the high-temperature phase are dominated by the averaged mass m and the violation parameters ∆ D of the HQSS. This is the same as the situation with the antiperiodic boundary, as discussed in the previous subsection.
IV. CONCLUSIONS
In this work, we constructed a formalism for investigating possible finite-volume effects for D meson systems. We analyzed the finite-volume and temperature dependences of the σ q and σ s mean fields based on the linear sigma model with 2 + 1-flavor quarks. Here, the finitevolume (or Casimir) effects for constituent light quarks were introduced by using the regularization scheme with the Epstein-Hurwitz inhomogeneous zeta function. In other words, such an effect means the Casimir effects for the chiral condensates (or σ mean fields). We have shown the phase diagram of σ q and σ s on the volumetemperature plane at δ = 2, as drawn in Fig. 8 . Here, for the periodic boundary, we found the region of σ q > σ s while σ q < σ s at any T in infinite volume.
The Lagrangian for D mesons was formulated based on the chiral-partner structure and heavy-quark spin symmetry for D mesons. As a result, we found the mass shifts of D mesons induced by the finite-volume effects with the periodic or antiperiodic boundary. The antiperiodic boundary leads to the chiral symmetry restoration in a small volume, so the masses of the D meson chiral partners degenerate. The periodic boundary enhances the chiral symmetry breaking, and the masses of the chiral partners split. Furthermore, we pointed out that the anomalous mass shifts of D mesons with the periodic boundary at high temperature would be a useful signal for examining finite-volume effects in lattice QCD simulations for a small volume.
We emphasize again that D mesons could be one of the clearest probes of the chiral condensates, which will be confirmed by future lattice QCD simulations. The pole masses of D mesons in small volume at low temperature can be extracted from the temporal correlators of the D meson currents. At higher temperature, the extraction of the pole masses would be difficult because of the short distance of the temporal correlators, but these can be related to other observables such as the screening masses from the spatial correlators [14, 15] and spectral functions [16] . To investigate screening masses and spectral functions within mean-field models will also be interesting. In this Appendix, we discuss a truncation error in our calculation. Equation (18) , which represents the Casimir energy, has the infinite series with indices n i . In the numerical calculation, we practically have to truncate the series by introducing cutoff parameters for n i . Since this cutoff could be an origin of systematic uncertainty, we examine the error from this truncation.
In the figures shown in this paper, we plotted the results using a cutoff of n i ≤ 20. To quantitatively estimate uncertainty from the truncation, we compare the difference between n i ≤ 20 and n i ≤ 10. By using this estimate, we find that the numerical results of σ q and σ s lead to the error less than 1 MeV, except for σ q with the periodic boundary condition in Figs. 5 and 7. In the following, we focus on the errors in Figs. 5 and 7.
First, we discuss σ q in Fig. 5 . The results at δ = 2 still have the precision with the error less than 1 MeV. The uncertainty at δ = 3 is approximately 3 MeV at L > 1.4 fm, and that at δ = 4 is approximately 7 MeV at 1.5 fm. Both the results suffer from the uncertainty in a volume larger than the transition length, and its uncertainty becomes more severe in larger volumes.
For the periodic boundary in Fig. 7 , σ q at δ = 2 also still has the precision with the error less than 1 MeV. The error at δ = 3 is less than 5 MeV near the transition temperature. At δ = 4 and temperature higher than the transition, σ q shows a most serious error, approximately 10 MeV. To discuss the error convergence at δ = 4, in Fig. 13 , we show the cutoff dependence (n ≤ 10, 20, 30, and 40). In the high-temperature region, there is a sizable error from the truncation while the low-temperature region does not suffer from the error. When we estimate the error from the difference between n ≤ 10 and n ≤ 20, the uncertainty is approximately 10 MeV, and the difference between n ≤ 20 and n ≤ 40 is approximately 5 MeV. According to these dependences, we expect that the uncertainty is approximately 10 MeV.
Finally, we comment on the convergence of the infinite series. The truncation uncertainty is expected to be large at smaller σ q and larger T . This is because the series in Eq. 
